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HYPERBOLIC VOLUME AND TWISTED ALEXANDER INVARIANTS OF KNOTS
AND LINKS
HIROSHI GODA
ABSTRACT. Let ∆L,ρn(t) be the twisted Alexander polynomial with respect to the representa-
tion given by the composition of the lift of the holonomy representation of a certain hyperbolic
link L and the n-dimensional irreducible complex representation of SL(2,C). We consider a
sequence of ∆L,ρn(t) and extract the volume of the complement of L from the asymptotic be-
haviour of the sequence obtained by evaluating t = 1 or t = −1.
1. INTRODUCTION
One of the known classical knot and link invariants is the Alexander polynomial [1]. This
polynomial is derived from the fundamental group of the complement of a knot or link and is
determined by its maximal metabelian quotient. This computable invariant plays an important
role in the knot theory. In 1990, Lin [15] introduced the twisted Alexander polynomial associ-
ated with a knot K and a representation of the knot group π1(S
3 \K)→ GL(n,F), where F is
a field. Wada [34] generalized this work and showed how to define a twisted polynomial given
only a presentation of a group and representations.
Kirk and Livingston [13] gave a construction of the twisted Alexander invariants, which they
interpreted in the general framework of Reidemeister torsion, and showed how the work of
Lin and Wada could also be interpreted in that framework. We note that these invariants can
be calculated using the classical Fox calculus. Since then, various applications of the twisted
Alexander invariants have been given. For example, see the survey papers of [8, 21].
A 3-manifold M is called hyperbolic if the interior admits a complete metric of constant
curvature −1 of finite volume. IfM is hyperbolic, it follows from Mostow-Prasad rigidity that
the hyperbolic metric is unique up to isometry. Furthermore, its fundamental group π1(M)
dominates all geodesic information of M . Therefore, the volume of M with respect to the
hyperbolic metric is an invariant of M and may be computed theoretically from a presentation
of π1(M).
We say that a knot K is hyperbolic if S3 \ K is hyperbolic. In that case, we will denote
the volume by Vol(K). Thurston’s geometrization theorem states that any knot that is neither a
torus knot nor a satellite knot is a hyperbolic knot. The link case is the same.
In this paper, we give a volume formula of hyperbolic knots or links using twisted Alexander
invariants. The volume formula in the knot case has already been proven [9].
Mu¨ller [23] established a volume formula for a closed hyperbolic 3-manifold using Ray-
Singer analytic torsion. The Selberg trace formula was applied to the upper half 3-space, so
that he obtained an expression of Ray-Singer analytic torsion in terms of the twisted Ruelle
zeta function. The volume formula is based on the expression and functional equations for the
twisted Selberg and Ruelle zeta functions associated with the n-th symmetric power of the stan-
dard representation of SL(2,C), which include the volume information of a closed hyperbolic
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3-manifold. By [22] of Mu¨ller on the equivalence between Ray-Singer torsion and Reidemeis-
ter torsion for unimodular representations, we know that the hyperbolic volume of a closed
3-manifold can be expressed using Reidemeister torsion.
Applying Thurston’s hyperbolic Dehn surgery theorem, Menal-Ferrer and Porti [17] ob-
tained a formula for the volume of a cusped hyperbolic 3-manifold M using the so-called
higher-dimensional Reidemeister torsion invariants, which are associated with representations
ρn : π1(M) → SL(n,C) corresponding to the holonomy representation HolM : π1(M) →
PSL(2,C) (see Section 3 for details). In the present paper, we consider the relationship be-
tween the higher-dimensional Reidemeister torsion invariants and the twisted Alexander invari-
ants, thereby obtaining a formula for the volume for a hyperbolic link using twisted Alexander
invariants.
Let L = K1∪· · ·∪Kb be a b-component link in S3. We call L an algebraically split link if the
linking numbers ℓk(Ki, Kj) are zero for all i, j (Definition 4.6). Any knot may be regarded as
an algebraically split link. Let ∆L,ρn(t) be the twisted Alexander invariant of Wada’s notation
[34]. For an integer k(> 1), set AL,2k(t) = ∆L,ρ2k(t)
∆L,ρ2(t)
and AL,2k+1(t) =
∆L,ρ2k+1(t)
∆L,ρ3(t)
. A result
of this paper is the following asymptotic formula.
Theorem 1.1. Let L be an algebraically split hyperbolic link in the 3-sphere. Then,
lim
k→∞
log |AL,2k+1(1)|
(2k + 1)2
= lim
k→∞
log |AL,2k(1)|
(2k)2
=
Vol(L)
4π
.
It might be interesting to compare the volume conjecture on the colored Jones polynomial for
knots in [12, 24] (see Problem 7.5). The main theorem (Theorem 7.1) provides a generalization
of this formula to a complete, oriented, hyperbolic 3-manifold whose boundary consists of torus
cusps. The equation obtained by evaluating−1 instead of 1 also holds (Corollary 7.4).
This paper is organized as follows. In Section 2, we recall the definitions of Reidemeister tor-
sions and twisted Alexander invariants and then fix the notation. Section 3 is devoted to explain-
ing how to obtain the n-dimensional complex irreducible representation π1(M)→ SL(n,C) via
the holonomy representation of π1(M). The important results used to prove the main theorem
are those of Menal-Ferrer and Porti [16, 17] and a slight generalization of a result of Dubois
and Yamaguchi [5]. We review the results of Menal-Ferrer and Porti in Section 4 and discuss
the generalization of the results of Dubois and Yamaguchi in Sections 5 and 6. Section 7 is
devoted to the proof of the main results. Theorem 1.1 means that we are able to obtain an ap-
proximate value of the volume of an algebraically split link via Fox calculus. We give some
sample calculations in Section 8.
The author would like to thank Professor Yoshikazu Yamaguchi for many helpful conversa-
tions and Professor Joan Porti for his advice.
2. PRELIMINARIES
In this section, we review the basic notion and results regarding Reidemeister torsion [5, 26,
33].
LetC∗ = (0→ Cn dn−→ Cn−1 dn−1−−−→ · · · d1−→ C0 → 0) be a chain complex of finite-dimensional
vector spaces over a field F. Choose a basis ci of Ci and a basis h
i of the ith homology group
Hi(C∗) if nonzero. We denote by c (h, resp.) the collection {ci} ({hi}, resp.). The Reidemeister
torsion of C∗ with this choice of bases is defined as follows.
For each i, let bi be a set of vectors in Ci such that di(b
i) is a basis of Bi−1 = im(di : Ci →
Ci−1), and h˜
i a lift of hi in Zi = ker(di : Ci → Ci−1). The set of vectors di+1(bi+1)h˜ibi
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becomes a basis of Ci. Let [di+1(b
i+1)h˜ibi/ci] (∈ F∗) be the determinant of the transformation
matrix between those bases.
Definition 2.1. The Reidemeister torsion of the chain complex C∗ with bases c and h is
Tor(C∗, c,h) =
n∏
i=0
[di+1(b
i+1)h˜ibi/ci](−1)
i+1 ∈ F∗/{±1}.
It is known that Tor(C∗, c,h) is independent of the choice of b
i and the lifts h˜i. We are
interested in the volume, namely, the absolute values of the Reidemeister torsion, so we do not
consider its sign in this paper. Thus, the torsion lies in F∗/{±1}, but there are ways to avoid
the sign indeterminacy.
Remark 2.2. In [17], the authors use the power (−1)i instead of (−1)i+1 in Definition 2.1. In
that case, the sign of the right-hand side of the equation in Theorem 7.1 in [17] is opposite. See
Remark 2.2 and Theorem 4.5 in [26].
LetW be a finite CW-complex and (V, ρ) be a pair of a vector space over F and a homomor-
phism of π1(W ) into Aut(V ). The vector space V turns into a right Z[π1(W )]-module by using
the right action of π1(W ) on V given by
(2.1) v · γ = ρ−1(γ)(v)
for v ∈ V and γ ∈ π1(W ). We denote this module by Vρ. The complex of the universal cover of
W with integer coefficients C∗(W˜ ;Z) becomes a left Z[π1(W )]-module by the action of π1(W )
on W˜ as the covering transformation group. We define the Vρ-twisted chain complex of W as
follows:
(2.2) C∗(W ;Vρ) = Vρ ⊗Z[π1(W )] C∗(W˜ ;Z).
The boundary operator of the chain complex is defined by linearly and
(2.3) di(v ⊗ ci) = (Id⊗ di)(v ⊗ ci) = v ⊗ di(ci)
for ci ∈ Ci(W˜ ;Z). Then, we can define the Vρ-twisted homology of W , which we denote by
H∗(W ;Vρ).
Let {v1, . . . , vn} be a basis of V and let ci1, . . . , ciki denote the set of i-dimensional cells of
W . We take a lift c˜ij of the cell c
i
j in W˜ . Then, for each i, c˜
i is a basis of the Z[π1(W )]-module
Ci(W˜ ;Z). Thus, we have the following basis of Ci(W ;Vρ) :
c˜
i = {v1 ⊗ c˜i1, . . . , vn ⊗ c˜i1, . . . , v1 ⊗ c˜iki, . . . , vn ⊗ c˜iki}.
IfHi(W ;Vρ) 6= 0, choosing for each i a basis hi ofHi(W ;Vρ) and set h = {hi}, we may define
the Reidemeister torsion as
Tor(C∗(W ;Vρ), c,h) ∈ F∗/{±1}.
Remark 2.3. The torsion does not depend on the lifts of the cells c˜ij if det ρ = 1. Furthermore,
if the Euler characteristic of W , say χ(W ), is equal to 0, we can use any basis of V since the
torsion is multiplied by the determinant of the base change matrix to the power χ(W ).
Here, we introduce a twisted chain complex with one variable. This will be done using a
Z[π1(W )]-module with the variable. We regard Z as the multiplicative group generated by t,
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namely, Z = 〈t〉 and consider a surjective homomorphism α : π1(W ) → Z. Every homomor-
phism from π1(W ) to an Abelian group factors through the abelianizationH1(W ;Z) of π1(W );
that is, we have the following commutative diagram:
π1(W ) H1(W ;Z)
Z
α
αh
Since we suppose α is a surjective, the induced homomorphism αh is also surjective. In this
paper, we consider one variable rational functions F(t) associated with αh. We write V (t) for
F(t)⊗F V for brevity. The fundamental group π1(W ) acts on V (t):
(2.4) α⊗ ρ : π1(W )→ Aut(V (t)).
Thus, V (t) inherits the structure of a right Z[π1(W )]-module as (2.1), so we denote it by Vρ(t)
and consider the associated twisted chain complex C∗(W ;Vρ(t)) given by
(2.5) C∗(W ;Vρ(t)) = Vρ(t)⊗Z[π1(W )] C∗(W˜ ;Z)
where
(2.6) f ⊗ v ⊗ γ · c∗ = fα(γ)⊗ ρ−1(γ)(v)⊗ c∗
for any f ∈ F(t), v ∈ V, γ ∈ π1(W ) and c∗ ∈ C∗(W˜ ;Z). We call this chain complex the Vρ(t)-
twisted chain complex and its homology is denoted by H∗(W ;Vρ(t)). Note that the boundary
operator is defined by linearity and
(2.7) di(f ⊗ v ⊗ ci) = f ⊗ v ⊗ di(ci)
as in (2.3). If the twisted homologyH∗(W ;Vρ(t)) = 0, then C∗(W ;Vρ(t)) is said to be acyclic.
Definition 2.4. If C∗(W ;Vρ(t)) is acyclic, then the twisted Alexander invariant ofW is
∆W,ρ(t) = Tor(C∗(W ;Vρ(t)), 1⊗ c, ∅) ∈ F∗(t)/{±1}.
Proposition 5.1 asserts that the assumption holds in our setting. Note that the twisted Alexan-
der invariant is determined up to a factor ±tp (p ∈ Z) like the classical Alexander polynomial
(cf. Theorem 2 in [34]).
Example 2.5. Let K be a knot in the 3-sphere S3 andWK be a CW-complex corresponding to
S3 − IntN(K). If the representation ρ ∈ Hom(π1(WK);C) is the trivial homomorphism and
α is the abelianization of π1(WK), that is, α : π1(WK) → H1(WK ;Z) ∼= 〈t〉, then the twisted
chain complex C∗(WK ;Vρ(t)) is acyclic and the twisted Alexander invariant ∆WK ,ρ(t) is the
classical Alexander invariant divided by (t− 1). See Theorem 4 in [18] or Capter II in [33], for
example.
In the present paper, we study a compact 3-manifoldM whose boundary consists of tori. In
particular, we discuss a link complement in the 3-sphere. We always suppose a CW-structure
W ofM and use the notation C∗(M ;Vρ) = C∗(W ;Vρ). Furthermore, we omit the collection c
of the basis and denote by Tor(C∗(M ;Vρ),h) under the simple homotopy invariance (see [2] or
Theorem 11.32 in [4]). Following these, we denote by ∆M,ρ(t) the twisted Alexander invariant
forM and by∆L,ρ(t) for a link L in S
3.
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3. HOLONOMY REPRESENTATIONS OF THE FUNDAMENTAL GROUPS OF HYPERBOLIC
3-MANIFOLDS AND THEIR LIFTS
LetM be a connected, oriented, hyperbolic 3-manifold. The hyperbolic structure ofM yields
the holonomy representation: HolM : π1(M) → Isom+H3, where Isom+H3 is the orientation-
preserving isometry group of the hyperbolic 3-space H3. Using the upper half-space model,
Isom+H3 is identified with PSL(2,C) = SL(2,C)/{±1}. Thurston [29] proved that HolM can
be lifted to SL(2,C).
There were two ways to obtain a linear representation so that we can consider the twisted
Alexander invariants: either (i) compose the holonomy representation HolM with the adjoint
representation to obtain π1(M)→ Aut (sl2(C)) ≤ SL(3,C) or (ii) lift HolM to a representation
π1(M) → SL(2,C). The former approach is the focus of [5] and the latter is that of [7].
In particular, the open problem 1 in Section 1.7 of [7] asks whether the twisted Alexander
polynomial associated with (ii) determines the volume of the complement of a knot. The results
in the present paper might be regarded as an answer to that question.
For all n > 0, there exists a unique (up to isomorphism) n-dimensional complex, irreducible
representation of SL(2,C), say
σn : SL(2,C)→ SL(n,C).
Our approach in this paper is to use this n-dimensional representation ofM as the composition
of a lift of HolM with σn according to [17]. Thus, some relevant results in the case of n = 2
or 3 can be found in [5] and [7]. In Section 1.5 of [7], the fact that twisted Alexander invari-
ants associated with representations (i) and (ii) behave differently is deemed very mysterious.
However, it might be due to nothing more than the difference between the representations σn
(n: even) and σn (n: odd).
Let us give a more precise description of the representations. By Propositions 2.1 and 2.2 in
[17], there is a one-to-one correspondence between the lifts of HolM and the spin structures on
M . Thus, attached to a fixed spin structure η onM , we have a representation :
Hol(M,η) : π1(M, η)→ SL(2,C).
The vector spaceC2 has the standard action of SL(2,C). It is known that the pair of the symmet-
ric product Symn−1(C2) and the induced action by SL(2,C) gives an n-dimensional irreducible
representation of SL(2,C). Concretely, let Vn be the vector space of homogeneous polynomials
on C2 with degree n− 1; namely,
Vn = spanC〈xn−1, xn−2y, . . . , xyn−2, yn−1〉.
Then, the symmetric product Symn−1(C2) can be identified with Vn and the action of A ∈
SL(2,C) is expressed as
A · p(x, y) = p(x′, y′) where
(
x′
y′
)
= A−1
(
x
y
)
where p(x, y) is a homogeneous polynomial. We denote by (Vn, σn) the representation given by
this action of SL(2,C), where σn is the homomorphism from SL(2,C) to GL(Vn). It is known
that each representation (Vn, σn) turns into an irreducible SL(n,C)-representation of SL(2,C)
and that every irreducible n-dimensional representation of SL(2,C) is equivalent to (Vn, σn).
Composing Hol(M,η) with σn, we obtain the representation
ρn : π1(M, η)→ SL(n,C).
In the following section, we discuss the twisted Alexander invariants and Reidemeister tor-
sions associated with this representation ρn.
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Remark 3.1. There have been several studies recently on Reidemeister torsions and twisted
Alexander polynomials associated with an SL(n,C)- representation of fundamental groups.
These are called higher-dimensional Reidemeister torsions or twisted Alexander polynomials.
See [30, 31, 35, 36].
4. RESULTS OF MENAL-FERRER AND PORTI
In this section, we give a short review of the relevant work byMenal-Ferrer and Porti [16, 17].
SupposeM is a complete, oriented, hyperbolic 3-manifold of finite volume. Thus,M is the
interior of a compact manifold whose boundary consists of tori T1, . . . , Tb; that is, ∂(cl(M)) =
T1 ∪ · · · ∪ Tb. In what follows, we often abbreviate ∂(cl(M)) to ∂M .
Let us consider the homology groups of M twisted by ρn that is introduced in Section 3.
Furthermore, let Vn be the vector space stated in Section 3, that is, the vector space on which
ρn(γ) acts for γ ∈ π1(M).
Proposition 4.1 (Corollaries 3.6 and 3.7 in [16]). Suppose ρn is associated with an acyclic spin
structure.
(1) If n is even, then dimCH
i(∂M ;Vn) = dimCH
i(M ;Vn) = 0 for i = 0, 1, 2,
(2) If n is odd, then dimCH
0(∂M ;Vn) = dimCH
2(∂M ;Vn) = b, dimCH
1(∂M ;Vn) = 2b,
H0(M ;Vn) = 0 and dimCH
i(M ;Vn) = b for i = 1, 2.
Moreover, Menal-Ferrer and Porti determined a basis of the homology groups. Note that
Poincare´ duality with coefficients in ρn holds (Corollary 3.7 in [17]).
Proposition 4.2 (Proposition 4.6 in [17]). Suppose n (≥ 3) is odd. Let Gℓ < π1(M) be
some fixed realization of the fundamental group of Tℓ as a subgroup of π1(M). For each Tℓ
choose a non-trivial cycle θℓ ∈ H1(Tℓ;Z), and a non-trivial vector vℓ ∈ Vn fixed by ρn(Gℓ). If
iℓ : Tℓ →M denotes the inclusion, then the following holds:
(1) A basis for H1(M ;Vn) is given by
{i1∗([v1 ⊗ θ1]), . . . , ib∗([vb ⊗ θb])}.
(2) Let [Tℓ] ∈ H2(Tℓ;Z) be a fundamental class of Tℓ. Then, a basis forH2(M ;Vn) is given
by
{i1∗([v1 ⊗ T1]), . . . , ib∗([vb ⊗ Tb])}.
Set h1 = {i1∗([v1 ⊗ θ1]), . . . , ib∗([vb ⊗ θb])}, h2 = {i1∗([v1 ⊗ T1]), . . . , ib∗([vb ⊗ Tb])}, and
h = {h1,h2}. Furthermore, let η be a spin structure of M . Then, we define the following
quotients:
T2k+1(M, η) := Tor(C∗(M ;V2k+1),h)
Tor(C∗(M ;V3),h)
∈ C∗/{±1},
T2k(M, η) := Tor(C∗(M ;V2k),h)
Tor(C∗(M ;V2),h)
∈ C∗/{±1}.
It is known that the quantity T2k+1 is independent of the spin structure (Remark 8.1), and hence
we shall denote it simply by T2k+1(M). On the other hand, Hi(M ;Vρ2k) = 0 for i = 1, 2 by
Proposition 4.1, then we may define as follows:
Definition 4.3.
T2k+1(M) := Tor(C∗(M ;V2k+1),h)
Tor(C∗(M ;V3),h)
∈ C∗/{±1},
T2k(M, η) := Tor(C∗(M ;V2k))
Tor(C∗(M ;V2))
∈ C∗/{±1}.
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Note that Proposition 4.2 in [17] proves that T2k+1(M) is independent of the choice of h.
These invariants are called the higher-dimensional Reidemeister torsion invariants.
We say that a spin structure η on M is positive on Tℓ if, for all γ ∈ π1(Tℓ), we have
trace Hol(M,η)(γ) = +2. Otherwise, we say that η is non-positive. A spin structure η is acyclic
if η is non-positive on each Tℓ.
Theorem 7.1 in [17] asserts the following.
Theorem 4.4 (Theorem 7.1 in [17]). Let M be a connected, complete, hyperbolic 3-manifold
of finite volume. Then
lim
k→∞
log |T2k+1(M)|
(2k + 1)2
=
Vol(M)
4π
.
In addition, if η is an acyclic spin structure ofM , then
lim
k→∞
log |T2k(M, η)|
(2k)2
=
Vol(M)
4π
.
As noted in Remark 2.2, the sign of the right-hand sides is positive.
Let ν be a simple closed curve in ∂M . The holonomy representation can be lifted to SL(2,C),
but we do not know whether a holonomy representation extends to a holonomy representation
onMν , whereMν is the manifold obtained by the Dehn filling along ν. The problem is crucial
because Theorem 4.4, which we will use and is given if η is acyclic, is obtained via Thurston’s
hyperbolic Dehn surgery theorem. Corollary 3.4 in [17] gives a sufficient condition to guarantee
the existence of an acyclic spin structure. The condition is the following:
For each boundary component Tℓ ofM , the map: H1(Tℓ;Z/2Z)→ H1(M ;Z/2Z)
induced by the inclusion has non-trivial kernel.
(4.1)
Remark 4.5. If ∂M consists of only one torus (i.e., b = 1), thenM satisfies the condition (4.1);
see Lemma 6.8 in [10], for example.
Because we focus on knots and links, we define a family of knots and links satisfying the
condition (4.1). See Chapter 5D in [27].
Definition 4.6. Let L be a b-component link in S3. One calls L = K1∪· · ·∪Kb an algebraically
split link if the linking numbers ℓk(Ki, Kj) are zero for all i, j.
Because of a Seifert surface for a knot, a knot becomes an algebraically split link. The
Whitehead link, the Borromean link and a boundary link are examples of algebraically split
links.
5. HOMOLOGY WITH LOCAL COEFFICIENTS CORRESPONDING TO TWISTED ALEXANDER
INVARIANTS
As in the previous section, we letM be a complete, oriented, hyperbolic 3-manifold of finite
volume whose boundary consists of tori T1 ∪ · · · ∪ Tb. In Propositions 4.1 and 4.2, we studied
the homology group H∗(M ;Vn). In this section, we will investigate H∗(M ;Vn(t)). According
to the description in Section 2, let α (αh resp.) be a surjective homomorphism of π1(M) → Z
(H1(M,Z) → Z resp.). and suppose that α ⊗ ρn : π1(M) → Aut(Vn(t)) and C∗(M ;Vn(t)) =
Vn(t) ⊗
Z[π1(M)]
C∗(M˜ ;Z) are defined as in (2.4) and (2.5).
Let i be the inclusion ∂M → M . Suppose that the composition αh ◦ (i|Tℓ)∗ : H1(Tℓ;Z) ∼=
Z ⊕ Z → Z is nontrivial for any ℓ. We choose two loops on Tℓ, say λℓ and µℓ such that [λℓ]
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generates the kernel of αh ◦ (i|Tℓ)∗ and µℓ intersects λℓ transversely in s single point. The loop
λℓ is called the longitude and µℓ is called the meridian.
(5.1) Based on these, we denote α(µℓ) = t
a(ℓ).
The purpose of this section is to prove the next proposition. Note that the contents in this
section are due to Section 3.2.1 in [5] and Sections 2 and 3 in [13].
Proposition 5.1. Hk(M ;Vn(t)) = 0 for any k.
M has the infinite cyclic cover M corresponding to α, whose boundary consists of b com-
ponent annuli A1 ∪ · · · ∪ Ab. Then, π1(M) = kerα and we have the following short exact
sequence
1→ π1(M)→ π1(M) α−→ Z→ 1.
We denote by the same symbol ρn the restriction of the representation ρn of π1(M) to π1(M),
and M˜ is also the universal cover of M with covering group π1(M). As noted in Section 2,
C∗(M˜ ;Z) is a left Z[π1(M)]-module, by restriction, also a left Z[π1(M)]-module on the cells
ofM . As in (2.2), we can form the chain complex
C∗(M ;Vn) = Vn ⊗
Z[π1(M )]
C∗(M˜ ;Z).
Furthermore, by the same action as (2.6), we have the chain complex
C∗(M ;Vn[t, t
−1]) = (C[t, t−1]⊗
C
Vn) ⊗
Z[π1(M)]
C∗(M˜ ;Z).
It is known that C∗(M ;Vn) ∼= C∗(M ;Vn[t, t−1]) (cf. Theorem 2.1 in [13]), and there is the nat-
ural inclusion C∗(M ;Vn[t, t
−1]) ⊂ C∗(M ;Vn(t)). Moreover, the universal coefficient theorem
implies that H∗(M ;Vn(t)) = Vn(t) ⊗
C[t,t−1]
H∗(M ;Vn[t, t
−1]). Thus, we have
Lemma 5.2. H∗(M ;Vn(t)) = 0 if and only ifH∗(M ;Vn) ∼= H∗(M ;Vn[t, t−1]) has no free part.
Lemma 5.3. H0(M ;Vn(t)) = 0.
Proof. This lemma is obtained from Proposition 3.5 in [13]. 
According to [20], the short exact sequence
(5.2) 0→ C∗(M ;Vn) t−1−−→ C∗(M ;Vn) t=1−−→ C∗(M ;Vn)→ 0
induces the next long exact sequence in the twisted homology, which is called the Wang exact
sequence ([28], p456).
0→ H2(M ;Vn) t−1−−→ H2(M ;Vn) t=1−−→ H2(M ;Vn)(5.3)
δ−→ H1(M ;Vn) t−1−−→ H1(M ;Vn) t=1−−→ H1(M ;Vn)→ · · ·
Here, δ is the so-called connecting map.
Lemma 5.4. Suppose n is even. Then, Hk(M ;Vn(t)) = 0 for any k.
Proof. By Proposition 4.1, Hk(M ;Vn) = 0 for k = 0, 1, 2. From the exact sequence (5.3), we
obtain isomorphisms for k = 0, 1, 2:
0→ Hk(M ;Vn) t−1−−→∼= Hk(M ;Vn)→ 0.
This implies that Hk(M ;Vn) has no free part, whereupon we have this lemma by Lemma 5.2.

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From now on, we consider the n:odd case. Applying the short exact sequence (5.2) to the
boundaries ofM andM , namely, {Tℓ}ℓ=bℓ=1 and {Aℓ}ℓ=bℓ=1, we have
(5.4) 0→ C∗(Aℓ;Vn) t−1−−→ C∗(Aℓ;Vn) t=1−−→ C∗(Tℓ;Vn)→ 0.
Furthermore, we have the following commutative diagram since all constructions are natural
and ⊕bℓ=1H2(Tℓ;Vn) ∼= H2(M ;Vn) by Propositions 4.1 and 4.2:
(5.5)
0 −−−→ ⊕bℓ=1H2(Tℓ;Vn) δ∂−−−→ ⊕bℓ=1H1(Aℓ;Vn) t−1−−−→ ⊕bℓ=1H1(Aℓ;Vn) t=1−−−→ · · ·y∼= yι∗ y
· · · t=1−−−→ H2(M ;Vn) δ−−−→ H1(M ;Vn) t−1−−−→ H1(M ;Vn) t=1−−−→ · · ·
Here, δ∂ means the connecting map corresponding to δ and ι is the inclusion of Aℓ intoM .
By Proposition 4.2, we may suppose thatH2(M ;Vn) is generated by [vℓ⊗Tℓ], where vℓ is an
invariant vector of ρ−1n (π1(Tℓ)). Let us consider the mapping δ∂ in (5.5).
Lemma 5.5. δ∂([vℓ ⊗ Tℓ]) = [(1 + t + · · ·+ ta(ℓ)−1)⊗ vℓ ⊗ λℓ] where λℓ is a longitude of Tℓ,
for all ℓ.
Proof. For ease of notation, denote C∗(Aℓ;Vn) by C∗ and C
′
∗, and denote C∗(Tℓ;Vn) by C
′′
∗ in
the exact sequence (5.4). Thus, we have a commutative diagram:
0 −−−→ C ′2 t−1−−−→ C2 j2−−−→ C ′′2 −−−→ 0yd′2 yd2 yd′′2
0 −−−→ C ′1 t−1−−−→ C1 j1−−−→ C ′′1 −−−→ 0
Let z′′ = vℓ ⊗ Tℓ ∈ C ′′2 . For z′′, there is an element in C2, say c2, such that j2(c2) = z′′
since j2 is surjective. By the construction, we may suppose c2 = 1 ⊗ vℓ ⊗ Aℓ. Since [z′′] is
a generator of H2(Tℓ;Vn), z
′′ ∈ ker d′′2, then j1 ◦ d2(c2) = d′′2 ◦ j2(c2) = d′′2(z′′) = 0. Thus,
d2(c2) ∈ ker j1 = im(t − 1), so there exists an element z′ ∈ C ′1 such that (t − 1)z′ = d2(c2).
Since d2(Aℓ) = µℓ · λℓ − λℓ by the notation (5.1) and vℓ is fixed by ρ−1n (µℓ), we have
d2(c2) = d2(1⊗ vℓ ⊗ Aℓ) (2.7)= 1⊗ vℓ ⊗ d2(Aℓ) (5.1)= 1⊗ vℓ ⊗ (µℓ · λℓ − λℓ)(5.6)
= 1⊗ vℓ ⊗ µℓ · λℓ − 1⊗ vℓ ⊗ λℓ (2.6)= α(µℓ)⊗ ρ−1n (µℓ)(vℓ)⊗ λℓ − 1⊗ vℓ ⊗ λℓ
(5.1)
= ta(ℓ) ⊗ vℓ ⊗ λℓ − 1⊗ vℓ ⊗ λℓ = (ta(ℓ) − 1)(1⊗ vℓ ⊗ λℓ).
Hence, z′ = (1 + t + · · · + ta(ℓ)−1) ⊗ vℓ ⊗ λℓ. Thus, we have this lemma. (We omit the
well-definedness.) 
SinceM is a 3-manifold with tori boundary, the Euler number χ(M) = 0. Then, the univer-
sal coefficient theorem and the Euler-Poincare´ theorem imply that
∑2
d=0(−1)drkHd(M ;Vn) =
χ(M)× n. Thus, we have rkH1(M ;Vn) = rkH2(M ;Vn) since rkH0(M ;Vn) = 0 (Lemmas 5.2
and 5.3).
The next lemma with Lemmas 5.3 and 5.4 concludes Proposition 5.1.
Lemma 5.6. Suppose n is odd. Then, Hk(M ;Vn(t)) = 0 for k = 1, 2.
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Proof. Suppose that rkH1(M ;Vn) = rkH2(M ;Vn) = r(> 0). From the exact sequence (5.3),
we obtain: im(t = 1) ∼= H2(M ;Vn)/ ker(t = 1) ∼= H2(M ;Vn)/im(t − 1) ∼= H2(M ;Vn)/(t−
1)H2(M ;Vn) ≇ 0. Therefore, ker δ ∼= im(t = 1) ≇ 0. Let ξ be nonzero homology class in
H2(M ;Vn) such that δ(ξ) = 0 ∈ H1(M ;Vn). Then, we can write that ξ =
∑b
ℓ=1 βℓ[vℓ ⊗ Tℓ]
by Proposition 4.2, and we may regard it as an element inH2(Tℓ;Vn). By Lemma 5.5, we have
δ∂(ξ) = δ∂(
∑b
ℓ=1 βℓ[vℓ ⊗ Tℓ]) =
∑b
ℓ=1 βℓ[(1 + t+ · · ·+ ta(ℓ)−1)⊗ vℓ ⊗ λℓ]. On the other hand,
the image of [(1 + t+ · · ·+ ta(ℓ)−1)⊗ vℓ⊗ λℓ] by the map (t = 1) is nonzero inH1(Tℓ;Vn) and
H1(M ;Vn) by Propositions 4.1 and 4.2. Therefore, [(1 + t + · · · + ta(ℓ)−1) ⊗ vℓ ⊗ λℓ] 6= 0 in
H1(Aℓ;Vn) and ι∗[(1 + t + · · ·+ ta(ℓ)−1) ⊗ vℓ ⊗ λℓ] 6= 0 in H1(M ;Vn) from the commutative
diagram (5.5). This contradicts δ(ξ) = 0, and we have rkH1(M ;Vn) = rkH2(M ;Vn) = 0.
Thus, we have this lemma by Lemma 5.2. 
6. RELATIONSHIP BETWEEN TWISTED ALEXANDER INVARIANTS AND
HIGHER-DIMENSIONAL REIDEMEISTER TORSION INVARIANTS
According to Definition 4.3, we define the Reidemeister torsion twisted by ρn stated in
Section 3 with preferred bases h = {h1,h2} obtained in Proposition 4.2. Let M be a com-
plete, oriented, hyperbolic 3-manifold whose boundary consists of tori T1 ∪ · · · ∪ Tb. One has
the meridian µℓ and a longitude λℓ on Tℓ for each boundary torus Tℓ as in just before (5.1).
Choose the longitude λℓ as a non-trivial cycle in H1(Tℓ;Z) in Proposition 4.2; namely, let
h
1
λ = {[v1 ⊗ λ1], . . . , [vb ⊗ λb]} and denote hλ = {h1λ,h2}. Under this condition, we prove the
following theorem in this section.
Theorem 6.1. For a positive integer k, one has
(1) Tor(C∗(M ;V2k)) = ∆M,ρ2k(1);
(2) Tor(C∗(M ;V2k+1),hλ) = lim
t→1
∆M,ρ2k+1(t)∏b
ℓ=1(t
a(ℓ) − 1) .
This theorem corresponds to a result of Milnor [18] in the case in which the representation is
trivial, Theorem A in [14] in the case of ρ2 (i.e., 2k = 2 case) and Theorem 5 in [5] in the case
of the adjoint representation of ρ2. (This case corresponds to that of 2k+1 = 3. See Section 3.)
Actually, (1) is proved from the map at the chain level C∗(M ;V2k(t)) → C∗(M ;V2k) induced
by evaluation t = 1 since the corresponding homologiesH∗(M ;V2k) andH∗(M ;V2k(t)) vanish
by Proposition 4.1 and Lemma 5.4. (See also Remark 2.11 in [26].)
From now on, we consider the odd dimensional case: n = 2k+1(k =, 1, 2, · · · ). The idea of
the following arguments is the same as that in Section 6 in [5]. To prove the theorem, we review
two lemmas, namely, the base-changing lemma and the multiplicativity lemma. Note that the
statements of both hold without the assumption on h1.
Let C∗ be a chain complex and Hi its ith homology group Hi(C∗). The statement of the
base-changing lemma is as follows. See Proposition 0.2 in [25], for example.
Lemma 6.2. Suppose c = {ci} and c′ = {c′i} are bases of C∗, and h = {hi} and h′ = {h′i}
are bases of Hi; then,
Tor(C∗, c
′,h′) =
∏
i=0
( [c′i/ci])
[h′i/hi]
)(−1)i
Tor(C∗, c,h).
In particular, if C∗ is acyclic, then
Tor(C∗, c
′, ∅) =
∏
i=0
[c′i/ci](−1)
i
Tor(C∗, c, ∅).
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Let 0 → V ′ i−→ V j−→ V ′′ → 0 be a split short exact sequence of finite-dimensional vector
spaces and s a section of j. Thus, i ⊕ s : V ′ ⊕ V ′′ → V is an isomorphism. Let b′ =
{b′1, . . . , b′p},b = {b1, . . . , bq},b′′ = {b′′1, . . . , b′′r} be bases of V ′, V, V ′′, respectively, so p+r =
q. We say that the bases b′,b and b′′ are compatible if the isomorphism i⊕ s : V ′ ⊕ V ′′ → V
has determinant 1 in the bases b′ ∪ b′′ = (b′1, . . . ,b′p,b′′1, . . . ,b′′r) of V ′ ⊕ V ′′ and b of V .
Let us review the multiplicativity property of the Reidemeister torsion. The equation includ-
ing their signs is known, but we omit the signs since they are not important herein. For the
details, see Theorem 3.2 in [19] and Lemma 3.4.2 in [32]. Let 0 → C ′∗ → C∗ → C ′′∗ → 0
be an exact sequence of chain complexes. Assume that C ′∗, C∗ and C
′′
∗ are equipped with bases
and homology bases. Let c′i, ci and c′′i denote the preferred bases of C ′∗, C∗ and C
′′
∗ , respec-
tively, and h′,h,h′′ be the their homology bases, respectively. Then, the long exact sequence in
homology
· · · → Hi(C ′∗)→ Hi(C∗)→ Hi(C ′′∗ )→ Hi−1(C ′∗)→ · · ·
can be considered as an acyclic chain complexH∗ by setting
H3i = Hi(C ′′∗ ),H3i+1 = Hi(C∗),H3i+2 = Hi(C ′∗)
with preferred bases, respectively.
Lemma 6.3. If for all i, the bases c′i, ci and c′′i are compatible, then
Tor(C∗, c,h) = Tor(C
′
∗, c
′,h′) · Tor(C ′′∗ , c′′,h′′) · Tor(H∗, {h′,h,h′′}, ∅).
In particular, if C ′∗, C∗ and C
′′
∗ are acyclic, then
Tor(C∗, c, ∅) = Tor(C ′∗, c′, ∅) · Tor(C ′′∗ , c′′, ∅).
Let M be a compact hyperbolic 3-manifold as in Sections 4 and 5. Let C∗ = C∗(M ;V2k+1)
and C∗(t) = C∗(M ;V2k+1(t)) as defined in Section 2; namely, C∗ and C∗(t) are obtained from
a CW-complex of M ; see (2.2) and (2.5). We denote by c = {ci} and 1 ⊗ c = {1 ⊗ ci}
the bases of C∗ and C∗(t), respectively. We define C
′
∗ and C
′
∗(t) as follows: The complex C
′
∗
is the subchain complex of C∗, which is a lift of the homology group H∗(M ;V2k+1). Note
that the boundary operators are all zero by this definition. According to Proposition 4.2, C ′2
is spanned by {vℓ ⊗ Tℓ | 1 ≤ ℓ ≤ b} over C and C ′1 is spanned by {vℓ ⊗ λℓ | 1 ≤ ℓ ≤ b}
over C, where λℓ is a longitude on Tℓ, associated with (5.1). Set C
′
3 = C
′
0 = 0. Moreover, set
c
′2 = {v1 ⊗ T1, . . . , vb ⊗ Tb} and c′1 = {v1 ⊗ λ1, . . . , vb ⊗ λb}, and we say that C ′∗ is spanned
by c′. Similarly, we define that C ′2(t) is spanned by 1 ⊗ c′2 = {1 ⊗ v1 ⊗ T1, . . . , 1⊗ vb ⊗ Tb},
C ′1(t) is spanned by c
′1(t) = {1 ⊗ v1 ⊗ λ1, . . . , 1 ⊗ vb ⊗ λb}. Set C ′3(t) = C ′0(t) = 0 and we
say that C ′∗(t) is spanned by 1⊗c′. We define C ′′∗ (C ′′(t), resp.) as the quotient complex C∗/C ′∗
(C∗(t)/C
′
∗(t), resp.). We endow it with the basis c
′′ (1 ⊗ c′′, resp.). Note that we sometimes
abbreviate 1⊗c to c(t) and 1⊗ci to ci(t) for simplicity. Similarly, we abbreviate 1⊗c′ (1⊗c′′,
resp.) to c′(t) (c′′(t), resp.) and 1⊗c′i (1⊗c′′i, resp.) to c′i(t) (c′′i(t), resp.). From the definition
in Section 2, we obtain
(6.1) lim
t→1
c
i(t) = ci, lim
t→1
c
′i(t) = c′i, and lim
t→1
c
′′i(t) = c′′i.
As in the calculation (5.6), the boundary operator d′2 works as follows:
(6.2) d′2 : 1⊗ vℓ ⊗ Tℓ 7→ (ta(ℓ) − 1) · (1⊗ vℓ ⊗ λℓ).
Thus, we have the subchain complex of C∗(t)
(6.3) C ′∗(t) : 0→ C ′3(t)→ C ′2(t)
d′
2−→ C ′1(t)→ C ′0(t)→ 0.
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Moreover, we have the following short exact sequences of complexes:
(6.4) 0→ C ′∗ → C∗ → C ′′∗ → 0;
(6.5) 0→ C ′∗(t)→ C∗(t)→ C ′′∗ (t)→ 0.
Lemma 6.4. Hi(C
′′
∗ ) = 0 for i = 0, 1, 2, 3.
Proof. By definition, we have Hi(C
′′
∗ ) = 0 for i = 0, 3. From the short exact sequence (6.4),
we obtain the next long exact sequence
· · · → Hi(C ′∗)→ Hi(C∗)→ Hi(C ′′∗ )→ Hi−1(C ′∗)→ Hi−1(C∗)→ · · · .
By the definition ofC ′∗, we haveHi(C
′
∗)
∼= Hi(C∗), which leads to the conclusion thatHi(C ′′∗ ) =
0 for i = 1, 2. 
Lemma 6.5. For i = 0, 1, 2, 3, the following holds: (1) Hi(C
′
∗(t)) = 0; (2) Hi(C∗(t)) = 0; (3)
Hi(C
′′
∗ (t)) = 0.
Proof. (1) Since the map d′2 is invertible, we have H∗(C
′(t)) = 0. (2) This is from Proposition
5.1. (3) This can be proved by the long exact sequence in homology, which is induced by the
short exact sequence (6.5). 
Using the exact sequence (6.5), we endow C∗(t) with the basis c
′(t) ∪ c′′(t) obtained by lift-
ing and concatenation. Here, we compare the Reidemeister torsions of a hyperbolic 3-manifold
M associated with the basis c′(t) ∪ c′′(t), c′(t) and c′′(t). We write Tor(C∗(t), c′(t)c′′(t), ∅)
(Tor(C ′∗(t), c
′(t), ∅),Tor(C ′′∗ (t), c′′(t), ∅), resp.) the Reidemeister torsion ofC∗(t) (C ′∗(t), C ′′∗ (t),
resp.) computed in the basis c′(t)∪c′′(t) (c′(t), c′′(t), resp.). On the other hand, Tor(C∗(t), c(t), ∅)
= Tor(C∗(M ;V2k+1(t)), c(t), ∅) is the Reidemeister torsion of the chain complex C∗(t) en-
dowed with the basis c(t), which is the twisted Alexander invariant∆M,ρ2k+1(t) (see Definition
2.4). Note that c is different from c′ ∪ c′′.
Lemma 6.6.
Tor(C∗(t), c(t), ∅) = Tor(C∗(t), c′(t)c′′(t), ∅) ·
2∏
i=0
[ci(t)/c′i(t)c′′i(t)](−1)
i
.
Proof. We obtain this lemma from Lemma 6.2. 
By Lemma 6.3, we have the next lemma. Note that the bases are compatible by definition.
Lemma 6.7.
Tor(C∗(t), c
′(t)c′′(t), ∅) = Tor(C ′∗(t), c′(t), ∅) · Tor(C ′′∗ (t), c′′(t), ∅).
Lemma 6.8.
Tor(C ′∗(t), c
′(t), ∅) =
b∏
ℓ=1
(ta(ℓ) − 1).
Proof. From the chain complex (6.3) (and (6.2)), we obtain: Tor(C ′∗(t), c
′(t), ∅) = det d′2 =∏b
ℓ=1(t
a(ℓ) − 1). 
Lemma 6.9.
Tor(C ′′∗ (t), c
′′(t), ∅) =[1⊗ d3(b3)c′2(t)1⊗ b2/c′2(t)c′′2(t)]−1
·[1⊗ d2(b2)c′1(t)1⊗ b1/c′1(t)c′′1(t)] · [1⊗ d1(b1)/c′′0(t)]−1.
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Proof. By the definition of the way to choose a set of vectors b′′i+1 in C ′′i+1, d
′′
i+1b
′′i+1 is a basis
of B′′i = im(d
′′
i+1 : C
′′
i+1 → C ′′i ). Furthermore, we have
Tor(C ′′∗ (t), c
′′(t), ∅) =
3∏
i=0
[d′′i+1(1⊗ b′′i+1)1⊗ b′′i/c′′i(t)](−1)
i+1
=
2∏
i=0
[d′′i+1(1⊗ b′′i+1)1⊗ b′′i/c′′i(t)](−1)
i+1
.
since C ′′∗ (t) is acyclic (Lemma 6.5 (3)) and b
′′3 = c′′3. For i = 1, 2, the set of vectors 1 ⊗ b′′i
in C ′′i (t) generates a subspace on which the boundary operator di : Ci(t)→ Ci−1(t) is injective
by definition, so c′i(t) ∪ di+1(1 ⊗ bi+1) ∪ 1 ⊗ bi may be regarded as a basis of C∗(t), where
1⊗ bi is a lift of 1⊗ b′′i to C∗(t). Therefore, we have
2∏
i=0
[d′′i+1(1⊗ b′′i+1)1⊗ b′′i/c′′i(t)](−1)
i+1
=
2∏
i=0
[c′i(t)1⊗ di+1(bi+1)1⊗ bi/c′i(t)c′′i(t)](−1)i+1 .
This is the desired conclusion up to ±1. 
Proof of Theorem 6.1.
First, we note that if t tends to 1, the boundary operator d′2 in (6.3) becomes the zero map and
the complex C ′∗(t) changes into C
′
∗. Moreover, if we suppose c
′i in C∗ using the exact sequence
(6.4), we have the following by Proposition 4.2:
H1(M ;V2k+1) is generated by h
1
λ = {[v1 ⊗ λ1], . . . , [vb ⊗ λb]} and h˜1λ = c′1;(6.6)
H2(M ;V2k+1) is generated by h
2 = {[v1 ⊗ T1], . . . , [vb ⊗ Tb]} and h˜2 = c′2.
Here, h˜1λ and h˜
2 are lifts of h1λ and h
2 into C∗.
Let b′′i+1 be a set of vectors in C ′′i+1 such that d
′′
i+2(b
′′i+1) is a basis of Bi = im(d
′′
i+1 :
C ′′i+1 → C ′′i ). By Lemmas 6.2 and 6.9, we have
Tor(C ′′∗ (t), c
′′(t), ∅) = {[1⊗ d3(b3)c′2(t)1⊗ b2/c2(t)] · [c2(t)/c′2(t)c′′2(t)]}−1
· {[1⊗ d2(b2)c′1(t)1⊗ b1/c1(t)] · [c1(t)/c′1(t))c′′1(t)]}
· {[1⊗ d1(b1)/c0(t)] · [c0(t)/c′′0(t)]}−1
=
( 2∏
i=0
[ci(t)/c′i(t)c′′i(t)](−1)
i+1) · [1⊗ d3(b3)c′2(t)1⊗ b2/c2(t)]−1
· [1⊗ d2(b2)c′1(t)1⊗ b1/c1(t)] · [1⊗ d1(b1)/c0(t)]−1
Therefore, by Lemmas 6.6, 6.7 and 6.8, we have
Tor(C∗(t), c(t), ∅) =
b∏
ℓ=1
(ta(ℓ) − 1) · Tor(C ′′∗ (t), c′′(t), ∅) ·
2∏
i=0
[ci(t)/c′i(t)c′′i(t)](−1)
i
=
b∏
ℓ=1
(ta(ℓ) − 1) · [1⊗ d3(b3)c′2(t)1⊗ b2/c2(t)]−1
· [1⊗ d2(b2)c′1(t)1⊗ b1/c1(t)] · [1⊗ d1(b1)/c0(t)]−1.
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Moreover, by (6.1) and (6.6) together with lim
t→1
(1⊗ d3(b3)) = d3b3 and lim
t→1
(1⊗ b2) = b2, we
obtain
lim
t→1
(
[1⊗ d3(b3)c′2(t)1⊗ b2/c2(t)]−1 · [1⊗ d2(b2)c′1(t)1⊗ b1/c1(t)]
· [1⊗ d1(b1)/c0(t)]−1
)
= [d3(b
3)h˜2b2)/c2]−1 · [d2(b2)h˜1λb1/c1] · [d1(b1)/c0]−1
= Tor(C∗(M ;V2k+1),hλ).
By Definition 2.4, ∆M,ρ2k+1(t) = Tor(C∗(M ;V2k+1(t)), c(t), ∅) = Tor(C∗(t), c(t), ∅), so we
complete the proof of (2) in Theorem 6.1.
7. MAIN RESULTS
Let M be a complete, oriented, hyperbolic 3-manifold whose boundary consists of torus
cusps. Set
(7.1) AM,2k(t) = ∆M,ρ2k(t)
∆M,ρ2(t)
, AM,2k+1(t) =
∆M,ρ2k+1(t)
∆M,ρ3(t)
.
Then, by Theorems 4.4 and 6.1, we have
Theorem 7.1. Under the above notation, we have:
lim
k→∞
log |AM,2k+1(1)|
(2k + 1)2
=
Vol(M)
4π
.
IfM satisfies the condition (4.1), we have:
lim
k→∞
log |AM,2k(1)|
(2k)2
=
Vol(M)
4π
.
If L is an algebraically split link in S3, the complement of L satisfies the condition (4.1); see
Definition 4.6. Hence, we have Theorem 1.1. Since every knot is algebraically split, we have
the following corollary.
Corollary 7.2 (Theorem 1.1 in [9]). For any hyperbolic knotK,
lim
k→∞
log |AK,2k(1)|
(2k)2
= lim
k→∞
log |AK,2k+1(1)|
(2k + 1)2
=
Vol(K)
4π
.
Remark 7.3. As in (7.1), AM,ρn(t) is defined by dividing the principal part. But it is not es-
sential, especially in the even case. We may describe as follows without a correction term:
∆M,ρ2(t) and∆M,ρ3(t).
• lim
k→∞
log |∆M,2k(1)|
(2k)2
=
Vol(M)
4π
;
• lim
k→∞
1
(2k + 1)2
log
∣∣∣ lim
t→1
∆M,2k+1(t)∏b
ℓ=1(t
a(ℓ) − 1)
∣∣∣ = Vol(M)
4π
, where b is the number of the com-
ponent of ∂M .
Proof of Theorem 7.1.
Case 1 (even-dimensional representation ρ2k case).
SinceM satisfies the condition (4.1), all spin structures onM are acyclic by Corollary 3.4 in
[17]. Then, we have the conclusion by Theorem 4.4 and (1) in Theorem 6.1.
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Case 2 (odd-dimensional representation ρ2k+1 case).
For the simplicity, we assume that a(1) = a(2) = · · · = a(ℓ) = 1. We can prove the
general case by the same argument. Part (2) of Theorem 6.1 implies that ∆M,ρ2k+1(t) =
(t− 1)b∆˜M,ρ2k+1(t) and Tor(C∗(M ;V2k+1),hλ) = ∆˜M,ρ2k+1(1), where ∆˜M,ρ2k+1(t) is a rational
function. Then,
AM,2k+1(1) =
∆˜M,ρ2k+1(1)
∆˜M,ρ3(1)
=
Tor(C∗(M ;V2k+1),hλ)
Tor(C∗(M ;V3),hλ)
= T2k+1(M)
by Definition 4.3. Hence, we have Theorem 7.1 by Theorem 4.4.

Corollary 7.4.
lim
k→∞
log |AM,2k(−1)|
(2k)2
= lim
k→∞
log |AM,2k+1(−1)|
(2k + 1)2
=
Vol(M)
4π
.
Proof. Let Mˆ be the 2-fold cyclic cover ofM , and let prj be the covering map Mˆ →M . Then,
we have the following exact sequence:
1→ π1(Mˆ) prj∗−−→ π1(M) π−→ Z/2Z→ 1.
Here, we use the pull-back of homomorphisms of π1(M) as homomorphisms of π1(Mˆ). Let
α be the surjective homomorphism π1(M) → Z = 〈t〉 and αˆ the pull-back by prj∗. We also
suppose that π factors through α, and we use the symbol ρˆn for the pull-back of ρn by prj∗.
Under this situation, we can apply Corollary 4.4 in [6] where q = 2 and s = t2 to our setting.
Then, we have
∆Mˆ,ρn(s) = ∆Mˆ ,ρn(t
2) = ∆M,ρn(t) ·∆M,ρn(−t).
Suppose n is odd (i.e., n = 2k+1) and we denote by ∆˜M,ρ2k+1(t) the fractional function defined
in the proof of Theorem 7.1. Since ∆Mˆ,ρ2k+1(t
2) = (t2 − 1)b∆˜Mˆ,ρ2k+1(t2) and ∆M,ρ2k+1(t) ·
∆M,ρ2k+1(−t) = (t − 1)b∆˜M,ρ2k+1(t) · (−t − 1)b∆˜M,ρ2k+1(−t), we have |∆˜Mˆ,ρ2k+1(t2)| =
|∆˜M,ρ2k+1(t)||∆˜M,ρ2k+1(−t)|. It is known that Vol(Mˆ) = 2Vol(M), so we obtain the follow-
ing from Theorem 7.1:
2Vol(M)
4π
=
Vol(Mˆ)
4π
= lim
k→∞
log |AMˆ,2k+1(1)|
(2k + 1)2
= lim
k→∞
1
(2k + 1)2
log
∣∣∣∆˜Mˆ,ρ2k+1(1)
∆˜Mˆ,ρ3(1)
∣∣∣
= lim
k→∞
log |∆˜Mˆ,ρ2k+1(1)|
(2k + 1)2
= lim
k→∞
log |∆˜M,ρ2k+1(1)||∆˜M,ρ2k+1(−1)|
(2k + 1)2
= lim
k→∞
log |∆˜M,ρ2k+1(1)|
(2k + 1)2
+ lim
k→∞
log |∆˜M,ρ2k+1(−1)|
(2k + 1)2
=
Vol(M)
4π
+ lim
k→∞
log |∆˜M,ρ2k+1(−1)|
(2k + 1)2
.
Therefore, we have the conclusion in the case that n is odd. In the same way, we can prove it in
the case that n is even. 
Taking account of the conjecture on the volume and the colored Jones polynomial for knots
[12, 24], it might be worth considering the following problem.
Problem 7.5. Does the equation in Corollary 7.2 hold by substituting any root of unity ?
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8. ON CONCRETE CALCULATIONS
In this section, we present some known facts and methods regarding calculating twisted
Alexander invariants. We give concrete calculations that provide approximate values of the
volumes of the figure eight knot and the Whitehead link complements.
First, we remark on a representation that leads to the hyperbolic volume. Let G be a finitely
generated group and set R(G) = Hom(G, SL(2,C)). Since G is finitely generated, R(G) may
be embedded in a product SL(2,C) × · · · × SL(2,C) by mapping each representation to the
image of a generating set. Thus, R(G) is regarded as an affine algebraic set whose defining
polynomials are induced by the relators of a presentation of G. It is known that the structure
is independent of the choice of the presentation of G up to isomorphism. For a representation
ρ ∈ R(G), its character is the map χρ : G → C defined by χρ(γ) = trace(ρ(γ)) for γ ∈ G,
where trace means the trace of a matrix. Let X(G) be the set of all characters. For a given
γ ∈ G, we define the map τγ : X(G)→ C by τγ(χ) = χ(γ). Then, it is known that X(G) is an
affine algebraic set that embeds in Cn with coordinates (τγ1 , . . . , τγn) for some γ1, . . . , γn ∈ G.
This affine algebraic set is called the character variety ofG. Note that the set {γ1, . . . , γn}may
be chosen to contain a generating set of G and the projection R(G) → X(G) given by ρ 7→ χρ
is surjective.
Let M be a complete hyperbolic 3-manifold. The character variety X(π1(M)) contains the
distinguished component related to the complete hyperbolic structure. The component is de-
fined by containing a lift of the holonomy representation π1(M) → PSL(2,C) determined by
the complete hyperbolic structure.
Two representations ρ and ρ′ are said to be equivalent if there is an automorphism ψ of the
representation space such that ρ′(γ) = ψ ◦ ρ(γ) ◦ ψ−1 for all γ ∈ G. In general, the equa-
tion ∆M,ρ(t) = ∆M,ρ′(t) holds if ρ and ρ
′ are equivalent representations (Section 3 in [34]).
If ρ2, ρ
′
2 ∈ R(π1(M)) are irreducible representations with χρ2 = χρ′2 , then ρ2 is equivalent to
ρ′2 (Proposition 1.5.2 in [3]). So, ρn is equivalent to ρ
′
n, where ρn(ρ
′
n, resp.) is the irreducible
representation to SL(n,C) stated in Section 3, so that ∆M,ρn(t) = ∆M,ρ′n(t). Thus, our the-
orem stated in Section 7 holds for the representations that are contained in the distinguished
component of X(π1(M)).
Next, we review spin structures and lifts of HolM . As in Propositions 2.1 and 2.2 in [17],
there are one-to-one correspondence spin structures of M and lifts of HolM . Let L be a b-
component algebraically split link L = K1 ∪ · · · ∪ Kb and M the complement of L. From
the homology long exact sequence of (M, ∂M ;Z) and (M, ∂M ;Z/2Z), we have b1(M ;Z) =
b1(M ;Z/2Z) = b. Hence, the number of lifts of the holonomy representation ofM to SL(2,C)
is equal to |H1(M ;Z/2Z)| = 2b by Corollary 2.3 in [17].
For each component Kℓ of L, there is the meridian µℓ corresponding to Kℓ and there are
two types of lift of the holonomy representation such that trace Hol(L,η)([µℓ]) = +2 and trace
Hol(L,η′)([µℓ]) = −2 where η, η′ are corresponding spin structures. More precisely, for a b-
component hyperbolic link L = K1 ∪ · · · ∪ Kb, let G(L) be the fundamental group of the
exterior of L in S3. We suppose that G(L) has the following Wirtinger presentation:
〈x11 , x12 , . . . , x1j1 , x21 , x22 , . . . , x2j2 , . . . , xb1 , xb2 , . . . , xbjb | r1, r2, . . . , rs〉
where the generator xℓk corresponds to the meridian of the ℓth component Kℓ and
∑b
k=1 jk =
s + 1. Let η be a spin structure of L. Then, we have trace Hol(L,η)(xℓk) = +2 or trace
Hol(L,η)(xℓk) = −2 for all k. Hence, we have a sequence of signs that consists of b-component
(a1a2 · · · ab) where
{
aℓ = + if trace Hol(L,η)(xℓk) = +2
aℓ = − if trace Hol(L,η)(xℓk) = −2
. We call this the sign of holonomy
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lift corresponding to the spin structure η and denote by ρa1a2···ab2 the holonomy representation
with the spin structure Hol(L,η): G(L) → SL(2,C). Moreover, we obtain the following repre-
sentation:
ρa1a2···abn : G(L)→ SL(n,C)
by composing ρa1a2···ab2 with σn stated in Section 3. According to (7.1), we set:
(8.1) Aa1a2···abL,2k (t) =
∆L,ρa1a2···ab
2k
(t)
∆L,ρa1a2···ab
2
(t)
, Aa1a2···abL,2k+1 (t) =
∆L,ρa1a2···ab
2k+1
(t)
∆L,ρa1a2···ab
3
(t)
.
Moreover, the following fact is known.
Remark 8.1. Since an odd-dimensional irreducible complex representation of SL(2,C) factors
through PSL(2,C),∆M,ρn and Tor(C∗(M ;Vn),h) does not change for any sign of the holonomy
lift (a1a2 · · · ab) if n is odd.
Hence, the sign of the holonomy lift is essential in the case of the even-dimensional repre-
sentation.
Example 8.2. Let K be the figure eight knot 41. The volume ofK is 2.02988 · · · . A Wirtinger
presentation of G(K) is
G(K) = 〈a, b | ab−1a−1ba = bab−1a−1b〉.
Here, a and b correspond to the meridians of K, as shown in Fig.1. It is known that the holo-
41 a
b
FIGURE 1.
nomy representation of G(K) is given by
HolK(a) =
(
1 1
0 1
)
, HolK(b) =
(
1 0
−u 1
)
,
where u is a complex value satisfying u2 + u+ 1 = 0. Then, we have
ρ+2 : G(K)→ SL(2,C) : ρ+2 (a) =
(
1 1
0 1
)
, ρ−2 (b) =
(
1 0
−u 1
)
,
ρ−2 : G(K)→ SL(2,C) : ρ−2 (a) =
(−1 −1
0 −1
)
, ρ−2 (b) =
(−1 0
u −1
)
.
Set A = ρ+2 (a) and B = ρ
+
2 (b). By the definition (Section 3), we have p
(
A−1
(
x
y
))
=
p(x− y, y), and (x− y)2 = x2 − 2xy + y2, (x− y)y = xy − y2. Hence, we have
ρ+3 (a) =
 1 0 0−2 1 0
1 −1 1
 .
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By the same calculations, we have
ρ+3 (b) =
1 u u20 1 2u
0 0 1
 , ρ+4 (a) =

1 0 0 0
−3 1 0 0
3 −2 1 0
−1 1 −1 1
 , ρ+4 (b) =

1 u u2 u3
0 1 2u 3u2
0 0 1 3u
0 0 0 1
 , · · · .
Via Fox calculus for G(K), we obtain the denominator of ∆K,ρ+
2
(t) = det(tB − I) = (t− 1)2.
(We have the same results in u = (−1 + √−3)/2 and u = (−1 − √−3)/2 hereinafter.) On
the other hand, the numerator of ∆K,ρ+
2
(t) = det(I − t−1AB−1A−1 + AB−1A−1B − tB +
BAB−1A−1) = 1
t2
(t− 1)2(t2 − 4t+ 1). Thus, we obtain the following rational functions:
∆K,ρ+
2
(t) =
1
t2
(t2 − 4t+ 1), ∆K,ρ+
3
(t) = − 1
t3
(t− 1)(t2 − 5t + 1),
∆K,ρ+
4
(t) =
1
t4
(t2 − 4t+ 1)2, ∆K,ρ+
5
(t) = − 1
t5
(t− 1)(t4 − 9t3 + 44t2 − 9t+ 1).
Using these functions, we have approximations to the volume of 41 as follows:
4π log |A+K,4(t)|
42
=
π log |t2 − 4t+ 1|
4
t=1−−→ π log 2
4
≈ 0.544397 · · · ,
4π log |A+K,5(t)|
52
=
4π log | t4−9t3+44t2−9t+1
t2−5t+1
|
52
t=1−−→ 4π log
28
3
52
≈ 1.12273 · · · .
The data of A+K,n(1) for n ≤ 15 can be found in [9]. We proceeded the calculation so that the
following data are obtained. Set ∆˜K,ρn(t) =
∆K,ρn(t)
t− 1 if n is odd according to Section 7.
n 15 20 25 30 35
4π log |A+K,n(1)|
n2
1.93360 · · · 1.97120 · · · 1.99522 · · · 2.00380 · · · 2.01219 · · ·
n 15 25 35
4π log |∆˜+K,ρn(1)|
n2
1.99496 · · · 2.01731 · · · 2.02346 · · ·
n 20 30
4π log |∆+K,ρn(1)|
n2
1.99298 · · · 2.01348 · · ·
By similar calculations, we have the following data in the case of ρ−2 . Note that the value of
A−K,n(1) is the same as A+K,n(1) in the case of n:odd as noted in Remark 8.1.
n 16 20 26 30 36
4π log |A−K,n(1)|
n2
1.98381 · · · 2.00039 · · · 2.01243 · · · 2.01677 · · · 2.02078 · · ·
4π log |∆−
K,n
(1)|
n2
2.07177 · · · 2.05668 · · · 2.04574 · · · 2.04179 · · · 2.03815 · · ·
Example 8.3. Let L be the Whitehead link as illustrated in Fig. 2. The volume of the com-
plement of L is equal to 4 × Catalan’s constant ≈ 3.66386 · · · . The link group G(L) has the
following Wirtinger presentation, where a and b correspond to the meridians of L as in Fig. 2:
G(L) = 〈a, b | awa−1w−1〉 where w = bab−1a−1b−1ab.
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a
b
FIGURE 2.
Hilden et al.[11] showed an explicit description of the character variety of the Whitehead link
group. In fact, the component of irreducible characters is given by
X(G(L)) = {(x, y, v) ∈ C3 | p(x, y, v) = 0} \R,
where p(x, y, v) = xy−(x2+y2−2)v+xyv2−v3 andR = {x = ±2, v = ±y}∪{y = ±2, v =
±x}; see Section 4.2 in [5]. Let ρ : G(L) → SL(2,C) be an irreducible representation. Then,
we can suppose that the pair ρ(a) and ρ(b) are expressed as follows after taking conjugation
with eigenvectors of ρ(a) and ρ(b) if necessary:
ρ(a) =
(
α 1
0 1/α
)
, ρ(b) =
(
β 0
γ 1/β
)
.
Here, the coordinates (x, y, v) as x = α + α−1, y = β + β−1 and v = γ + αβ + α−1β−1. The
holonomy representation is obtained by α + 1/α = β + 1/β = 2 since it is a parabolic one.
Therefore, we have four types of representation as follows: (I) ρ++2 : a 7→
(
1 1
0 1
)
, b 7→(
1 0
−1 ±√−1 1
)
; (II) ρ+−2 : a 7→
(
1 1
0 1
)
, b 7→
( −1 0
1∓√−1 −1
)
; (III) ρ−+2 : a 7→(−1 −1
0 −1
)
, b 7→
(
1 0
−1 ±√−1 1
)
; (IV) ρ−−2 : a 7→
(−1 −1
0 −1
)
, b 7→
( −1 0
1∓√−1 −1
)
.
Then we have:
∆L,ρ++
2
(t) = t2 − 4t+ (4± 2√−1)− 4
t
+
1
t2
;
∆L,ρ++
3
(t) =
1
t3
(t− 1)2(t4 − 4t3 − (2∓ 8√−1)t2 − 4t+ 1).
Then, we have the following data by similar calculations to figure eight knot case.
n 10 15 20 25 30
4π log |A++
L,n
(1)|
n2
3.43083 · · · 3.52207 · · · 3.60589 · · · 3.61282 · · · 3.63810 · · ·
n 15 25
4π log |∆˜++L,n(1)|
n2
3.65757 · · · 3.66160 · · ·
n 10 20 30
4π log |∆++L,n(1)|
n2
3.56149 · · · 3.63856 · · · 3.65261 · · ·
These calculations were performed using Wolfram Mathematica and MathWorks Matlab.
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n 10 16 20 26 30
4π log |A+−L,n(1)|
n2
3.54395 · · · 3.61657 · · · 3.63358 · · · 3.64594 · · · 3.65040 · · ·
4π log |∆+−L,n(1)|
n2
3.67460 · · · 3.66761 · · · 3.66625 · · · 3.66527 · · · 3.66492 · · ·
4π log |A−+L,n(1)|
n2
3.54395 · · · 3.61657 · · · 3.63358 · · · 3.64594 · · · 3.65040 · · ·
4π log |∆−+L,n(1)|
n2
3.67460 · · · 3.66761 · · · 3.66625 · · · 3.66527 · · · 3.66492 · · ·
4π log |A−−L,n(1)|
n2
3.45010 · · · 3.58080 · · · 3.61071 · · · 3.63241 · · · 3.64024 · · ·
4π log |∆−−L,n(1)|
n2
3.78300 · · · 3.71084 · · · 3.69394 · · · 3.68166 · · · 3.67723 · · ·
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